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a^ 

Abstract. We prove that the deformed oscillator superalgebra Wq{n) (which in the Fock repre- 
^ ' sentation is generated essentially by n pairs of g-bosons) is a factor algebra of the quantized universal 

enveloping algebra Uq[osp{l/2n)]. We write down a (/-analog of the Cartan-Weyl basis for the de- 
' formed osp{\/2n) and give also an oscillator realization of all Cartan-Weyl generators. 
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o 

lO ' I. Introduction 

o 

m 

Q\ 

In Refs.1,2 a realization of the quantized universal enveloping algebra Uq = Uq[osp{l/2n)\ of the 
orthosymplectic Lie superalgebra osp(l/2n) has been constructed in terms of n pairs of independent (mu- 
tually commuting) q oscillators 6^, i = 1, . . . , ti, i.e., in terms of q-deformed Bose creation and annihilation 

■ operators as introduced in [3-5] . In other words it has been shown that there exists an algebra morphism 
TT of Uq[osp{\/2n)\ into the deformed Weyl (or oscillator) algebra Wq{n). The main purpose of the present 

■ note is to show that tt is in fact a morphism of Uq[osp{l/2n)] onto Wq{n) in the category of associative 

■ superalgebras. The latter implies that Wq{n) is a factor algebra of Uq[osp{\/2n)\. In this way we solve the 
conjecture, formulated in [6], and give a partial answer to the more general hypothesis [7], namely that 
there exists a morphism of Uq[osp{2m + \/2n)\ onto the Clifford- Weyl superalgebra Wq{m/n), generated 
by m pairs of g-fermions and n pairs of q-bosons. The case of Uq[osp{l/2)] was studied in Refs. 8 and 9 
in relation to the deformed para-Bose operators. In Ref. 6 it was proved for Uq[osp{l/4:)]. The same case 
was considered also in Ref. 10 in relation to the " supersingleton" Fock representation of Uq[osp{l / A)] and 
its singleton [11] structure. 

We proceed to recall the definitions of Wq{n) and of Uq[osp{l/2n)] in the notation we are going to 
use. Following [12], we consider Wq{n) as an associative algebra with unity 1, free generators bf, ki, 
and relations («, j — 1, . . . , ti) 

ki — kik^ — 1 
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brbf - qHfbr = kf (1) 

b-bt-q-HtK=k^i 
Uittj = ajUi, i ^ j, 

where a, = bf,kf^. To turn Wq{n) into a superalgebra ( Z2-graded algebra) we set 

deg{bf) = l€Z2, deg{k^') = 0gZ2, i = l,...,n. (2) 

In the Fock representation of Wq{n) , namely when ki = bf are the deformed g-bosons and 
Ni is the zth boson number operator [3-5]. With respect to the grading induced from (2) Wq{n) is an 
infinite-dimensional associative superalgebra. 

The superalgebra Uq[osp{l/2n)] can be defined in different equivalent ways [1,2,13]. We choose the 
Cartan matrix {aij) as in [13], i.e., this is a n-by-n symmetric matrix with 

ann = 1, an = 2, i = l,...,n-l, ajj+i = aj+ij = -1, j = 1, . . . , n - 1, (3) 

and all other = . Then Uq[osp{l/2n)] is the free associative superalgebra with Chevalley generators 
Ei, Fi, Ki, i = 1, . . . , n, graded as 

deg{En) = deg{Fn) = 1 G Z2, deg{Ei) = deg{Fi) = deg{Kj) = G Z2, i = 1, . . . , n - 1, j = 1, . . . , n, (4) 



which satisfy the Cartan relations 

KiKr^ =Kr^Ki = l, K^Kj = KjK^, i,j = l,...,n, (5) 

KiEj = q<-'' EjKi, KiFj = q-<-'' FjKi, i,j = l,...,n, (6) 

- K-^ K? - Kr'^ 

[En, Fn] = ^, [Ei, Fj] = Sij^^ V V J = 1, . . . , n except i = j = n, (7) 

q — q~ q^' — q~'' 

the Serre relations for the simple positive root vectors 

[Ei,Ej]=0, if i,j = l,...,n and |i-j|>l, (8) 

EfEi+i-{q'' + q-^)EiEi+iEi + Ei+iEf=0, i = l,...,n-l, (9) 

EfEi-i-{q^ + q-'^)EiEi-iEi + Ei-iEf = 0, i = 2,...,n-l, (10) 

E^En-i + (1 - g2 - q-^){ElEn-iEn + EnEn-iEl) + En-iEl = 0, (11) 
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and the Serre relations obtained from (8)-(ll) by replacing everywhere Ei by Fj. 
Here and throughout the paper 



[O, b]=ab- {-lfM'')deg{b)i^^^ (^2) 
[a, b]gn =ab- {-lf^9{a)deg{b)^nj^^^ ^^3) 

for any two homogeneous elements a,b G Uq and it is assumed that the deformation parameter q is any 
complex number except q = 0, = 1 and = 1. 

The action of the coproduct A : Uq Uq f^i Uq, antipode S :Uq ^ Uq and counit e : Uq ^ C can be 
given, for instance, as: 

A{Ei) =Ei(^Ki + K-^ (^Ei, A{Fi) = Fi®Ki + Kr^(^Fi, A{Ki)=Ki®Ki, (14) 
S{Ei) = -q''"Ei, S{Fi) = -q-''"Fi, S{Ki) = Kr\ (15) 

e{Ei) = e{Fi) = e{Ki) = 0, £(1) = 1. (16) 
PROPOSITION 1. The linear map tt : Uq[osp{l/2n)] W,(n), given as 

n{Ei) = -bTbt+^, n{Fi) = -b7^,bt, T,{Ki) = kr^h+u 

T^{En) = -b-, 7r(F„) = b+, 7r(/f„) = 

and extended by associativity defines a morphism (in the category of the associative superalgebras) of 
Uq[osp{l/2n)] into the oscillator superalgebra Wq{n). 

The proof is an immediate consequence of the results of [2] and the observation that the map p : 
Wq{n) ^ Wq{n) 

bf ^ K ^ ki ^ q-^kr\ ^ = 1 or - 1, i = 1, . . . , n (18) 

defines an authomorphism in Wq{n). 

We wish to show that tt is a map of Uq[osp{l/2n)] onto Wq{n). To this end consider the following 2n 
elements from Uq[osp{l/2n)] (i = 1, . . . ,n — 1): 

~ ~\J (q+q-^ ^^^' [Ei+i, [Ei+2, [■■■, [En-2, [-E„_i, -E„], -2)^-2 . . .]g-2 JsTjiiTj+i . . . Kn, 

^ (19) 

and 



(17) 



^ V (q+q-^) [• ■ ■ ' i^n,Fn-l]q2,Fn-2]q2,- ■ .]q2 , Fi+2]q^ , Fi+i]q2 , Fi]q2 K- ^K-_^^^ ...K^'^, 

(20) 



Prom (17), (19) and (20) one derives expresions for the g'-oscillator realization of Bf, . .. , B^, 

n{Br) = /_Z_6-fcrifc-2^fc-+^, . . . fc-2, i = 1, . . . , n, (21) 



n{B+) = g2(n-i)+y _A_6+A=,fc2^,fc^^2 ■■■kl, t=l,...,n. (22) 

At q = 1 the images Tr{Bf) of Bf reduce to the usual nondeformed Bose creation and annihilation 
operators, whereas the nondeformed Bf, . .., B^ satisfy the trilinear relations {{x, y} = xy + yx) 

[{BlB]},Bl] = {e-^)6ikB] + {e-r,)djkBl i,j,k = l,...,n, ^,7?, e = ± or ± 1. (23) 

In quantum field theory the operators (23) arc known as para-Bose operators. They were introduced 
by Green [14] as a possible generalization of the Bose statistics. The para-Bose operators arc a good 
substitute for the Chevalley generators in the sense that they also define completely the Lie superalgebra 



osp{l/2n) [15]. More precisely, consider the operators 

Bl i=l,...,n, (24a) 

Hi = -^{B+,B7}, i = l,...,n, (246) 

i^fc = l,...,n, (24c) 

p<q = l,...,n, C = ±or±l. (24d) 



Then the operators Hi constitute a basis in a Cartan subalgebra H of osp{l/2n), the para-Bose operators 
(24a) - a basis in the odd subspace of osp{l/2n), all anticommutators (246 — d) - a, basis in the even 

subalgebra sp{2n) and (246, c) - a basis in the subalgebra gl{n). The operators (24a, c, d) arc root vectors 
(of H) and all operators (24) give (one possible) Cartan- Wcyl basis in osp{l/2n). Replacing in (24) the 
para-Bose operators with Bose operators, one obtains the usual ladder realizations of osp{l/2n), sp{2n) 
and gl{n). 

The deformed operators Bf, . . . ,B^, which are in fact deformed para-Bose operators, possess sim- 
ilar properties. Elsewhere we shall show that these operators together with the "Cartan" elements 
K^^,...,K^^ define uniquely Ug[osp{l/2n)] and hence give an alternative definition of this quantum 
algebra in terms of generators, which have more immediate physical significance (see for more discussions 
along this line Ref.6). Also without a proof we formulate a proposition, which solves in a simple way the 
problem for constructing a g— analog of the Cartan- Weyl basis in the deformed osp{l/2n) superalgebra. 

PROPOSITION 2. The g-analog of the Cartan-Weyl basis of osp{l/2n) is given with the set of all 
operators as follows: 
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i = 1, . . . ,n, (25a) 



Bf, i = l,...,n, (256) 

jj^k = l,...,n, (25c) 
^{Bl,Bl}, p<g=l,...,n, C = ± (25d) 

(S±)2, r = l,...,n. (25e) 

The set of all ordered monomials (with respect to a certain normal order [13]) of the operators (25a — d) 
constitute a basis in Uq[osp{l/2n)]. 

Remark 1. The operators (25a, c) appear as a g-analog of the Cartan-Weyl basis of the deformed 
gl{n). These operators generate a Hopf subalgebra of Uq[osp{l/2n)], which is isomorphic to Uq[gl{n)\. 
The latter follows from the observation that the generators and the relations of Uq[gl{n)\ are among the 
generators and the relations of Uq[osp{l/2n)]. 

Remark 2. The operators (25a, c — d) generate a subalgebra of Uq{osp{l/2n)], which is a deformation 
of the universal enveloping algebra of sp{2n). This subalgebra, however, is not a Hopf subalgebra of 
Uq[osp{l/2n)\ even in the simplest case of n = 1 [16]. 

The g-oscillator realization of (25a, 6) was already written (see eqs.(17), (21) and (22)). The realiza- 
tion of the rest of the Cartan-Weyl generators reads: 

tt{{B-,B+}) = 2q^(^-^)brb+k-'kr^\ . . . kJ^^kJ^,k-\ i < j = 1, . . . , n, (26) 

7r({B-, St}) = 2q^^'-i\h+k,^^^ . . . k^kUh, i>j = l,...,n, (27) 

7r({Sr, S7}) = 2g2(i+.-2n)+l;,-j,-;,-lfc-lfc-2 f^-2}^-2^ ^-2^ i^j = l,...,n, (28) 

n{{B+,B+}) = 2g2(2"-i-i)+35+5+fc.fc . . . klk]^^ ...k^ i ^ j = 1, . . . , n. (29) 

PROPOSITION 3. The oscillator algebra Wq{n) is a factor algebra of f/, = Uq[osp{l/2n)\ (in the 
sense of associative superalgcbras). 

Proof. For a proof it sufficics to show that the generators of Wq(n), namely hf , kf^, i = 1, . . . ,n 
are among the images of Uq under the map tt (see proposition 1). 

Keeping in mind that tt is a linear map, which preserves the multiplication, i.e., 7r(a6) = 7r(a)7r(6) 
and as a consequence also 7r(c~^) = (7r(c))~^, one derives from Tr^Ki) = k~^ki-\.i, i = 1, ... ,n — 1 and 
'Tr{Kn) = q~^kn [see (17)] that 

ki = n{q-iKr^Kr^\...K-'), kr^ = w{qi KiKi+i . . . Kr,), i = l,...,n (30) 



and therefore 

ki,k^^ Gn{Ug), i = l,,...,n. (31) 
Prom (21) we have that for each i = 1, . . . ,n 

Inserting here the expressions for tt{B^) and fcj from (19) and (30) we obtain after some rearrangement 
of the order of the generators 

n — i 

br = n{-q^-'[Ei, [Ei+u [Ei+2, . . . [^„_2, K-i,^„],-2 . . [] K7^^^), i = l,...,n-l. (32) 

k=l 

In a similar way one has 

n — i 

b+ = n{q'-"[. . . [i^„,F„_i],2,i^„_2]g2, . . .]g2,F,+2]g2,F,+i],2,F42 II Kjl^), i = 1, . . . ,n - 1. (33) 

fe=i 

Prom (17), (31), (32) and (33) we conclude that 

ki,kr\bf eniUq), i = l,...,n, (34) 

which completes the proof. 

In a forthcoming paper we will discuss in more details the description of Ug = Uq[osp{l/2n)] in terms 
ofSf, Kf\ i = l,...,n. Here we first fix the terminology. 

DEPINITION. The generators Bf, Kf\ i = 1, . . . ,n of Ug will be called pre-oscillator generators. 
The description of Ug[osp{l/2n)] (or of any subalgebra A c Ug) in terms of the pre-oscillator generators 
will be refered to as pre-oscillator or pre- ladder form (realization, description) of Ug (resp. of A). 

The pre-oscillator form of Ug gives an alternative description to the usual Chevalley realization, where 
all elements of Ug are functions of Ei, Fi, Kf^, i = 1, . . . ,n. The name pre-oscillator comes to remind 
that the image of any subalgebra A cUg under the map n [see (17)], 

tt: A^Wg{n), (35) 

gives a ladder (or oscillator) realization of A. 

The pre-oscillator form of the subalgebra A, which need not necessarily be a Hopf subalgebra of Uq, 
can be used for construction of representations of A in any tcnsorial power of Fock spaces Fq{n) of the 
oscillator algebra Wg{n). This stems from the observation that the action of the comultiplication A is well 
defined on the pre-oscillator generators, whereas it is not defined on their tt— images, i.e., on the deformed 
bosons. In order to be more concrete, define by induction a morphism 



A^'^) = [(^ti^id) A] o A^'^-i), A(2) = A, A^ = id. 
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(36) 



of Ug into ^'■^lUg. The map 

TT^'^) = (^tiTT) o AC^) : Ug[osp{l/2n)] ^ ®*LiWg(n) (37) 

is a morphism of Ug[osp{l/2n)] into (8>^^iWq(n). Consider Wg(n) in its Fock space Fq{n) representation, 
Wq{n) C End[Fg{n)]. Then ir^^^A) gives a representation of A in (8)^^jFq(n). In particular if A is given 
in a pre-oscillator form, then for any a = a{Bf, . . . , B^,K^^, .. ., K^^) e A the map n^^^ defined on 
each element a G A as 

7r('=) (a) = a(.«B± . . . , 7r('=)s±, 7r«i^±\ . . . , n^'^^Kt'), (38) 

is a representation of A in !8!*Li-Fg(n). Certainly the same statement holds if A were given in a Chevalley 
form. The point is however that in the practical applications A is usually given directly in terms of 
g— deformed bosons. From this realization it is fairly evident how to reconstruct the pre-oscillator form 
of A, to which one can apply the above technique in order to consctruct tensor products of Fock repre- 
sentations. The main difiiculty will be then to decompose the tensor product (^'^^iFq{n), considered as 
an A— module, into a direct sum of irreducible (and, may be, also indecomposible) A— modules. 
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